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Abstract. Stanley 0] showed that monomial complete intersections have the 
strong Lefschetz property. Extending this result we show that a simple extension 
of an Artinian Gorenstein algebra with the strong Lefschetz property has again 
the strong Lefschetz property. 

Introduction 

Let K be a field, A be a standard graded Artinian i^-algebra and a £ A a 
homogeneous form of degree k. The element a is called a Lefschetz element if for 
all integers % the i^-linear map a: A^ — > A i+ k (induced by multiplication with a) 
has maximal rank. One says that A has the weak Lefschetz property if there exists 
a Lefschetz element a £ A of degree 1. An element a £ A\ for which all powers a r 
are Lefschetz is called a strong Lefschetz element, and A is said to have the strong 
Lefschetz property if A admits a strong Lefschetz element. Note that the set of 
Lefschetz elements a £ A\ form a Zariski open subset of A\. The same holds true 
for the set of strong Lefschetz elements. 

Assuming that the characteristic of K is zero and the defining ideal of A is gen- 
erated by generic forms, it is conjectured that A has the strong Lefschetz property. 
Thus in particular, A = K[x\, . . . , x n }/ (fi, . . . , f n ) should have the strong Lefschetz 
property for generic forms f\, . . . , f n . Note that such an algebra is an Artinian 
complete intersection. It is expected that any standard graded Artinian complete 
intersection over a base field of characteristic has the strong Lefschetz property. 
Stanley |3J and later J. Watanabe j^j proved this in case A is a monomial complete 
intersection. Stanley used the Hard Lefschetz Theorem to prove this result, while 
Watanabe used the representation theory of the Lie algebra si (2). 

As a main result of this paper we prove the following 

Theorem: Let K be a field of characteristic 0, A be a standard graded Artinian 
Gorenstein K-algebra having the strong Lefschetz property, and let f £ A[x] be a 
monic homogeneous polynomial. Then the algebra B = A[x]/(f) has the strong 
Lefschetz property. 

The proof only uses techniques from linear algebra. The result implies in par- 
ticular Stanley's theorem. More generally it implies that a complete intersection 
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K[xi, x n }/ (/i, ...,f n ) with fi G K[xi, ...,Xi) for % = 1, . . . , n has the strong 
Lefschetz property. 

1. The proof of the main theorem 

Let A be a standard graded if -algebra and I C A a graded ideal. For convenience 
we will say that a G A is Lefschetz for A/ J if the residue class a + J is a Lefschetz 
element of A//. 

In the proof of the main theorem we shall use the following two lemmata. 

Lemma 1.1. Let A be a standard graded K- algebra, f,gEA homogeneous elements 
which are nonzero divisors on A. Then f is Lefschetz for A/(g) if and only if g is 
Lefschetz for A/ (/) . 

Proof. Consider the long exact sequence for Koszul homology (see Corollary 
1.6.13]) 

• • • — > Hi(g; A) — > H x (f, g; A) - H (g; A) #„(</; A) - i?o(/, »5 ^) - °- 

Since (7 is a non-zerodivisor on A this yields the exact sequence 

_►#!(/, 0; A)— A/fa) A/fa) -#„(/,</; A) -0. 

Similarly we obtain an exact sequence 

— A) — > - <?; A) - 0. 

Comparing this two exact sequences, the assertion follows. □ 

Lemma 1.2. Let if be field of characteristic 0, A a standard graded Artinian if - 
algebra with strong Lefschetz property and f G A[y] a monic homogeneous polyno- 
mial. Then for any strong Lefschetz element a G A\ there exists a non-zero element 
c G if such that f(a/c) is a Lefschetz element of A. 

Proof. Let / = y d + a\y d ~ x + • • • + a d , and s = max{i: A4 7^ 0}. We may assume 
that d < s because otherwise the statement is trivial. For c G if we set f c = 
= i c l aiy d \ Let a G A\ be a strong Lefschetz element. Then a d is a Lefschetz 
element, that is, for all % the multiplication map fo{a): A4 — > Aj + d has maximal 
rank. 

Fix i < s — d and if-bases of the nonzero if- vector spaces Ai and A^a, and let .D c 
be the matrix describing the if-linear map f c (a) : A4 — > A i+( i- Note that the entries 
of D c are polynomial expressions in c with coefficients in if. Now P c (a) has maximal 
rank if and only if one maximal minor Mj(D c ) of D c does not vanish. In particular, 
Mj (D ) 7^ for some jo- Since Mj (D c ) is a (non-zero) polynomial expression in c 
with coefficients in if, there exist only finitely many c G if such that Mj Q (D c ) = 0. 
Thus, since if is infinite, we have Mj (D c ) 7^ for infinitely many c G if , and so 
/ c (a) : A — > ^i+d has maximal rank for infinitely many c G if . Since A has only 
finitely many non-zero components, we can therefore find c G if , c 7^ such that 
/ c (a) has maximal rank for all i. Then a/c G A\ has the desired property, since 
f{a/c) = f c (a)/c d . □ 
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Now we are ready to begin with the proof of the main theorem. Let A be a stan- 
dard graded Artinian Gorenstein .fT-algebra having the strong Lefschetz property. 

In a first step we will prove: suppose C = A[x]/(x r ) has the strong Lefschetz 
property for all r > 1, then B = A[x]/ (f) has the strong Lefschetz property for any 
monic homogeneous polynomial / £ A[x}. 

Let U r C B\ be the Zariski open set of elements b £ B\ for which b r is a Lefschetz 
element. If U r ^ for all r > 1, then the finite intersection U = f] r U r is non-empty, 
as well, and any b £ U is then a strong Lefschetz element. Thus it suffices to show 
that for each r > 1 there exists an element b r £ B\ such that b r r is a Lefschetz 
element. 

By Lemma we may choose an element a £ A\ such that f(a) is a Lefschetz 
element of A. It follows that f(x) is Lefschetz for A[rc]/(a — x). Thus by Lemma 
11.11 the element b\ = a — x is Lefschetz for B. 

In case r > 1, we may view f(y) as a polynomial in C[y] where C = A[x]/(x r ). 
By our assumption C has a strong Lefschetz element. Now Lemma fl . 21 implies that 
we can find a strong Lefschetz element c £ C\ such that f(c) is a Lefschetz element 
of C. Since the strong Lefschetz elements form a nonempty Zariski open set in C%, 
we may assume that c = a + Xx with a £ A\ and A £ K, A 7^ 0. Applying the 
substitution x 1— > b r = A _1 (x — a) it follows that f(x) is Lefschetz for A\x\/b r r . Thus 
by Lemma IT^ the element b r r is Lefschetz for A[x]/(f). 

In order to complete the proof of the theorem it remains to be shown that if A 
is a standard graded Artinian Gorenstein i^-algebra having the strong Lefschetz 
property, then A [2] /(a; 9 ) has the strong Lefschetz property. We use Lemma fl. II and 
show instead that if a £ A x is a strong Lefschetz element, then for all k the element 
x q is Lefschetz for B = A[x]/(a + x) k . 

In B we have 




By induction on r it follows that 



Note that 



so that 




for all r > k. Thus for all r > we have 

fc-i 

0C — ^^^^^ C>p j CL ' X 

3=0 
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with 



C r j 



5 r j, if r < k — 1 



(-ly-^Qi*- 1 )^, if r>k, 

where 5 r j denotes the Kronecker symbol. 

Now we show that the map j3f : B t — > B t+q given by multiplication with x q has 
maximal rank. 

We denote by a\ : A; L — > the AT-linear map given by multiplication with a J . 
For each element -ua;* G A t _iX l we have 



fc-1 fc-1 
x q {ux l ) = ^Cg+jj-a 94 "* = ^ c q+i ^a q t _ 

j=0 j=0 

Since for each j the AT-vectorspace .£>.,■ has the direct sum decomposition 

fc-i 

Bj = At-iX , 

i=0 

the linear map fi\ can be described by the following block matrix 

/ q q+l q+k-1 \ 

/ C n nOi+ Co+i.nQ!f_i ••• Co+nntt, \ 



M 



c qfi a t Cq + i i0 o; t _i • • • Cg +fc _i i0 Q; t _ fe+1 

c ?,l a t c g+l,l tt t-l 



\ „ „ <j— fc+1 „ „ q—k+2 n q 



Our aim is to show that M has maximal rank. Assume first that q < k, then 
where N = (cq^j^a^ l ) i=o,..., q -i . It follows that M has maximal rank if and only 

' •* j — k — q,...,k—l 

if N has maximal rank. Thus the general case is treated if we can prove that for all 
q the matrix 

N = (cq+j^a^jp 1 ) »=o,..., s -i with s = min{g, k} and r = max{g, k] 

j = r—q, ■ . .,k— 1 

has maximal rank. 

We show this by applying certain block row and block column operations in order 
to simplify the matrix without changing its rank. The kind of operations we will 
apply are the following: 

(i) multiplication of a block row or a block column of N with a non-zero rational 
number; 

(ii) for d G Q , d 7^ and j < i compose da t Z{ with each block CjioP t Z\ of 
the jth block column of N to obtain a jth block column whose blocks are 
dcjia 3 t Zj ° cxlzi = dcjia l t Zi, and subtract this new block column from the ith 
block column to obtain the new ith block column whose blocks are 

(cu - dcjijalzl, / = 0, 



These operations only change the coefficients Cji of the block entries, that is, the 
matrix N = (cg+^a^jp*) »=o,..., s -i will be transformed into a matrix of the form 

j — r — q,. ..,k — 1 

N' = (^a+i i° e t-i~ l ) *=o.-.«-! w ith certain new coefficients c' +ji G Q. 

" ** ' ** j=r—q,...,k—l 

Consider the "coefficient matrix" L = (c q +j 7 i) i=o,..., s -i of N. Then the coefficient 

j — r — q,...,k—l 

matrix V of N' is obtained from L by the following row and column operations: 

(i) multiplication or division of a row or a column with a non-zero rational 
number; 

(ii) subtraction of a multiple of the jth column from the ith column where j < i. 

Next we intend to show that by these operations L can be transformed into a 
matrix V such that all entries of V on the anti-diagonal are non-zero, while the 
entries below the anti-diagonal are all zero. 

We first simplify L by dividing each jth column by (— iy~ k ~ 1 (£) k and each ith 

row by { k ~ 1 ) ■ The result of these operations is the matrix 

/ 1/r l/(r + l) ••• l/(r + s-l)\ 

l/(r-l) 1/r ••• l/tr + s-2) 

\l/(r-s + l) l/(r-s + 2) ••• 1/r / 

which we again denote by L. 

We will use the following simple fact from linear algebra: suppose F = (fij)ij=i I ... ! n 
is an n x n-matrix with coefficients in a field K. Then the following conditions are 
equivalent: 

(a) the matrix F can be transformed by operations of type (ii) into a matrix F' 
with f-j ^ for i + j — n + 1, and = for i + j > n + 1; 

(b) det(Fj) ^ for i — 1, . . . , n where Fj = (/^) k=i,..., n . 

1=1, ...i 

Indeed, it is clear that (a) ^> (b). Conversely, assuming (b) we have det(F n ) = 
f n i 7^ 0. Thus by subtracting suitable multiples of the first column from the other 
columns we obtain a matrix G = (gij) with g ni — for i — 2, . . . , n, and such that 
det(Fj) = det(Gj) for i — 1, . . . , n, where Gi = {gu) k=i,..., n . Applying the induction 

2=1 , — i 

hypothesis to the matrix G' = (gki) k=i,..., n -i , the assertion follows. 

(=2,...,n 

Applying this result from linear algebra, we see that L can be transformed by 
operations of type (ii) into the matrix L' of the desired form if for all integers 
< t < s the matrices of the shape 

S = (l/(r-i + j)) iJ=0 ,...,t 

are non-singular. It is an easy exercise in linear algebra to show that this is indeed 
the case. 

After all these operations our matrix N is transformed into the matrix N' whose 
anti-diagonal has the block entries 

/ r-s+l / r-s+3 / ^5+^-1 

H^t+q-r ? c 2"t+g-r-l? • • • ) c s-l"t-fc+l 
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with non-zero rational coefficients c-, and whose block entries below the anti-diagonal 
are all zero. 

We will show that for i = 0, . . . , s — 1 either all a^+^-t 1 are injective maps, 
or else all a^l^ 1 are surjective maps. Then clearly N' has maximal rank, and 
consequently N has maximal rank. 

For all integers i and j with < i < j the maps 

have maximal rank, by assumption. In particular, a\~ % is injective if dim A; < 
dim A, and surjective if dimAj > dim Aj. 

Let a = max{i: Ai ^ 0}. Then, since A is Gorenstein, the Hilbert function of A 
is symmetric (see e.g. Corollary 4.4.6, Remark 4.4.7]), that is, 

dim A; = dim. A a __i for all i, 

and since A has the weak Lefschetz property (A even has the strong Lefschetz 
property), the Hilbert function of A is unimodal (see e.g. [21 Remark 3.3]). It then 
follows that 

dim Ai < dim Aj if and only if i < o — j. 

Thus we conclude that 

a j-t ig f injective if i < a - j, 
1 1 surjective if i > a — j. 

Thus in case of the maps a£jT* -r % -i > we have to compare the size of the numbers 
t + q — r — i and a — [(r — s + 2i + 1) + (t + q — r — i)\ = a — t — q + s — i — 1. Since 
it does not depend on % which of the two numbers is less than or equal to other, it 
follows cf^^r-i is injective for all i, or a^*!^ is surjective for all i, as desired. 

2. Some comments 

As an immediate consequence of our main theorem we obtain 

Corollary 2.1. Let K be field of characteristic 0, and A be an Artinian Gorenstein 
K-algebra. Fori = l,...,n let fi G A[x±, . . . , be a homogeneous polynomial 
which is monic in Then the K-algebra 

A[x 1 ,...,X n ]/(fl,...,f n ) 

has the strong Lefschetz property. 

The result implies in particular that K[xi, . . . , x n ]/(f%, . . . , f n ) has the strong 
Lefschetz property, if for i = l,...,n, f G K[ homogeneous and 

monic polynomial in Xj. In the special case that fi = x" 4 for % = 1, . . . , n, we obtain 
the theorem of Stanley 0] . The slightly more general result with the fi as described 
before, can also be deduced directly from Stanley's theorem using the following 
result of Wiebe [B, Proposition 2.9]: let / C K[x\, . . . ,x n ] be a graded ideal, and 
assume that K[x\, . . . ,x n ]/ in(I) has the strong Lefschetz property, where in(J) is 
the initial ideal with respect to some term order. Then K[x%, . . . , x n ]/I has the 
strong Lefschetz property. 
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In the above situation we have vn(fi) = x { esfi for i = 1, . . . , n, if we choose the 
lexicographical order induced by x n > x n _i > ■ • ■ > x\. Since the initial terms of 
the generators form a regular sequence it follows that 

in(/) = (in(/ 1 ),-.-,m(/n)) = K 1 ,...,x^). 

In case the i^-algebra A is not Gorenstein, the proof of our main theorem yields 
the following weaker result. 

Proposition 2.2. Let K be a field, A a standard graded Artinian K-algebra having 
the strong Lefschetz property, and let f G A[x] be a monic homogeneous polynomial. 
Then the algebra B = A[x]/(f) has the weak Lefschetz property. 

Proof. Recall the following step in the proof of the main theorem: by Lemma 11.21 
we may choose an element a G A\ such that f(a) is a Lefschetz element of A. It 
follows that f(x) is Lefschetz for A[x]/(a — x). Thus by Lemma ll.ll b = a — x is 
Lefschetz for B. □ 

Analyzing the arguments in the proof of our main theorem we see that all results 
remain valid if the characteristic of the base field is large enough. More precisely we 
have 

Corollary 2.3. Let K be a field and A an Artinian Gorenstein K-algebra with socle 
degree a = max{i: A t ^ 0} and multiplicity e(A) = ^^ =Q dim.K A t . Let f G A[x] 
be a homogeneous monic polynomial of degree q. Then B = A[x]/(f) has the strong 
Lefschetz property if 

char if > { 2q + ° ~ 1 ' andf = x q , 

~ \ max{e(74), 2q + a — 1}, otherwise. 

Proof. In case / = x q we must make sure that all the binomials in the expression 
x r = (— i) r - fc - 1 Yl'jZo (T-fc 1 ) (p ^ 3 ^ are units in the field K, and this must be 
satisfied for all r = q + k where are less than or equal the socle degree of t4[x]/(x 9 ). 
Since the socle degree of A [a;] /(a; 9 )) is equal to q + o~ — 1, we therefore need that 
char K does not divide any prime number < 2q + a — 1 . 

In the general case we had to apply Lemma fOl For the proof of this lemma it was 
necessary that the field K has enough elements, so that for all the polynomials in c 
defined by the maximal minors considered in the proof we find a common element 
c G K for which these polynomials do not vanish. This is possible if char K > e(A). 

□ 

We conclude this note with the following 

Example 2.4. If A has the strong Lefschetz property and / G A is a generic form. 
One expect that A/ (/) has again the strong Lefschetz property. However, in general 
this is no the case. Indeed, let A = K[x\, . . . , x*\/{x\, x\, arf, x\, xf). Then A has 
the strong Lefschetz property. Let / G A be a generic form of degree 8 and set 
B = A/(f). (We use the "Randomized" command of CoCoA to produce generic 
forms.) 
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The Hilbert series of B is given by 

Hilbs(t) = 1 + 5t + 14t 2 + 30t 3 + 51t 4 + 71t 5 + 84t 6 + 84t 7 + 70t 8 + 46t 9 + 16t 10 . 
Let b G -B be a generic linear form, and set C = B/(b 9 ). Then 
Hilbc(t) = 1 + 5t + 14t 2 + 30t 3 + 51t 4 + 71t 5 + 84t 6 + 84t 7 + 70t 8 + 45t 9 + 12t 10 . 

It follows that the map B\ — > B\q is not surjective but also not injective because 
dim^ Bi + dim K C w = 5 + 12 > 16 = dini^ B w . Thus B does not have the strong 
Lefschetz property. 

On the other hand it can be checked that B has the maximal rank property, that 
is, any generic form in B has maximal rank. Such an example seems to be new, see 

m 
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